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OF ONE- AND TWO-EQUATION TURBULENCE MODELS 

Abstract the most important physical drawbacks of the 

Numerical testing of three recently 
proposed turbulence models proposed recently 
by Secundov and co-workers 111, by Spalart 
and Allmaras [2], and by Menter 131 is carried 
out for the 2 0  backward/forward-facing step 
benchmark flows that were studied 
experimentally in 14-71 and involved a wide 
range of Reynolds number, opposite wall angle, 
and step geometry. A grid refinement study is 
carried out for all the models and test cases to 
make sure that grid-independent results are 
obtained. On the basis of detailed comparison 
of the numerical results with the experimental 
data and also with similar results obtained in the 
framework of the well-known low Reynolds 
number k-E model by Chien 181. the strengths 
and weaknesses of each model are found out. 

1. Introduction 

Debates about the optimal number of 
transport equations that should be involved in a 
turbulence model aimed for CFD engineering 
applications already have a long history. In the 
late eighties it seemed that finally the answer 
was found due to the impressive results that 
have been reached by an extensive use of the 
two-equation turbulence models, namely, the k- 
E. k-w, and similar ones. However, recently a lot 
of criticism was addressed to these models 
(primarily the k-s model, which is in much wider 
use). associated with both their physical and 
computational shortcomings found out via 
intensive testing performed by numerous 
authors around the world and, especially, in the 
framework of the Collaborative Testing of 
Turbulence Models (CTTM) 191. In particular, 
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so called low Reynolds number forms of the k-& 
model are their inability to predict consistently 
the near wall turbulent flows in the presence of 
strong adverse pressure gradients, and those 
with separation and reattachment (we leave 
aside the models using wall functions since they 
lose any justification for the flows with 
separation). As to the computational drawbacks 
of these models, they are well known and 
associated with a stiffness of the governing 
equations (it causes a significant degradation of 
the convergence to a steady-state), with the 
necessity to use very fine grids near a solid 
wall, and also with non-trivial inlet and 
freestream boundary conditions for the 
turbulence variables. 

Perhaps, exactly these circumstances have 
provided for a strong motivation for a further 
development of the transport-equation 
turbulence models and, in particular, have 
reawaken the interest to the one-equation 
turbulence models being an attractive 
intermediate between the conventional 
algebraic and two-equation models. It resulted 
in the invention of new two- and one-equation 
turbulence models which seem to be very 
promising for a lot of aerodynamic applications. 
Three such models, two being one-equation 
[1.2] and one - a two-equation model [3], are 
chosen in this work for a detailed assessment 
from the standDoint of their capability of 
predicting the turbulent flows with massive 
separation and reattachment and with adverse 
pressure gradient, Le.. with the major 
hydrodynamics elements that prove difficult to 
predict using the conventional k-E turbulence 
models. 

The first of these models, the so called vt- 
92 model (its previous version is known as vt- 
90). was developed by Gulyaev, Kozlov & 
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Secundov [l]. It contains only one transport 
equation for the eddy viscosity vt and originates 
from the Kovasznay model [ lo.  111, but differs 
from the latter a lot by near-wall, compressibility 
and some other corrections. It is used 
intensively in Russia for the simulation of a wide 
range of industrial and aerodynamic flows. This 
model was entered in the ClTM [9] and turned 
out to be quite competitive for the turbulent 
boundary layers, mixing layers, plane and round 
jets. and plane and round wakes, but till now it 
has not been applied for the more complicated 
"elliptic" flowfields. 

The second model we have chosen for 
evaluation was proposed not long ago by 
Spalart & Allmaras [ Z ,  181. It is also a one- 
equation v,-transport model and in this sense it 
is similar to the model 111. However it arises 
from somewhat different prerequisites and so 
differs tangibly from the latter model. 

The last model being considered in the 
present work is the so called Shear Stress 
Transport k-o model by Menter [3]. It contains 
two transport equations, one written for the 
turbulence kinetic energy k and another for the 
specific dissipation rate 61. These equations are 
obtained from the standard k-s model 
reformulated in the terms of k and o and then 
coupled with the Wilcox k-o model I121 by a 
special blend function. The latter is designed in 
such a way that the k-E model governs mainly in 
the outer part of the flow and the k-o in the 
inner, near-wall, part. Therefore each model is 
used in the region where it is known to be more 
successful and thus the combined model has a 
chance to posses their best features. 

The Spalart-Allmaras (S-A) and Menter (M- 
SST) models have a lot of attractive properties 
from both accuracy and computational 
robustness viewpoints. Unlike the vt-92 model, 
the S-A and M-SST ones have been already 
used not only for the relatively simple 
"parabolic" flows, but also for rather 
complicated flowfields including the multi- 
element airfoil flows [13]. and demonstrated 
very impressive capabilities. However, as far as 
the authors are aware, except maybe for the M- 
SST model no comprehensive studies of these 
models have been performed for now for the 
flows with massive separation and 
reattachment. 

Exactly for this reason the sample problems 
that were chosen for a detailed assessment of 
the above turbulence models included the 
backward-facing step (BFS) flows which were 
thoroughly studied experimentally by Driver 8 
Seegmiller [4] and by Jovic & Driver [5. 61. '4 
These experiments cover a wide range of the 
opposite wall angles [4] and Reynolds number 
[5, 61 and hence provide enough background 
for an objective evaluation of the turbulence 
models performance as applied to such a 
flowfield. 

Another benchmark flow whose distinctive 
feature is the presence of two recirculation 
zones is the forward-facing step (FFS) flow. The 
specific flowfield of such a type chosen in the 
present work for testing the turbulence models 
was that investigated experimentally by Moss & 
Baker [7]. 

Since the vt-92 model is still virtually 
unknown to the Western Fluid Dynamics 
Community, in the first part of the paper 
(Section 2) this model is described in some 
detail along with the results illustrating its 
capability of predicting the conventional 
parabolic benchmark flows. In Section 3, 
devoted to the comparative study of different 
turbulence models performance as applied to 
the backward- and forward-facing step flows, 
we first shortly dwell upon the flow solver used 
for these flow simulations, then the results of 
the grid refinement study are discussed and, 
finally, the results obtained for the BFS and FFS 
flows on the basis of different turbulence 
models are presented. 

-' 

2.Vt-92 Turbulence Model 

The current state of this model is a result of 
numerous improvements of the Kovasznay 
turbulence model [ lo, 111 that have been 
carried out for more than twenty years by 
Secundov and his co-workers. 

In 1971 1141 they succeeded in making the 
original model [ lo ]  really closed by establishing 
a relation between the turbulence scale that 
was involved in the Kovasznay eddy viscosity 
transport equation and the distance to the wall. 
Some enhancements of the model were then 
performed in 1975 which improved its 
performance as applied to jet flows with 
account of the compressibility effects [15] and 
to the boundary layer flows with account of the 

2 

L 



wall roughness [16]. In 1986 1171 some 
additional compressibility corrections were 
included in the eddy viscosity transport 
equation. This, the first, stage of the work on 
the model resulted in the development of its 

'i/ version known as the vl-90 model. As 
mentioned in the Introduction, it was entered in 
the C V M  and turned out to be quite 
competitive for a wide range of 2D parabolic 
flows. On the other hand, the ClTM and 
subsequent discussions with DrSpalart (who, in 
particular, drew the authors' attention to the 
non-invariance of the vl-90 model to coordinate 
transformation), have highlighted weak sides of 
this model, leading to the development of its 
improved current version vl-92 111. 

Let us consider some specific features of 
this model in more detail. 

2.1.Description of the Model. 

Just as the original Kovasznay model [lo] it 
contains only one transport equation formulated 
directly for the eddy viscosity vl. In the 
framework of the vl-92 model this equation 
reads as follows: 

where UI are the mass-weighted (Favre) 
averaged velocity components, v is the 
molecular (laminar) kinematic viscosity, and P, 
and D, are the production and dissipation terms 
defined as follows: 

- p[C,v,( Nldw+ v,)+C,F,vv,] l d2  

% % . &  
Here a is the speed of sound, d is the 

distance to the closest wall, modified to account 
for the effect of wall roughness: 

(3) d = d ,  + 0.01kS , 
where d, is the "real" distance to the wall and 
ko is the roughness height. 

The functions F1 and F2 are given by 

Fl = ( N , d ,  +O.4C8v) / (  V ,  +C8v+ v W ) ,  (4) 

F, =( x 2  +1.3~ +0.2) / ( x z  -1.3~ +LO), (5) 

x = v, l ( 7 4  . (6) 

with v, being the vt value at the wall, equal to 
zero at a smooth wall, and the quantities r,, r,, 
NI and N2 being as follows: 

The constants of the model are given by: 

AI = -0.5, A2 = 4.0, 

~ ~ 0 . 8 , C ~ ~ 1 . 6 . C ~ ~ O . l , C ~ ~ 4 . 0 ,  (11) 
Cq=O.35,Cg=3.5,CS=2.9,C7=31.5,Cs=O.l. 

The essential differences of equation (1) 
from its previous versions mentioned above, as 
well as from the similar equations proposed 
recently by Spalart and Allmaras [2, 181, are 
associated with the following additional terms: 

p C 2 ~ [ A l v ~ r ~ 3 + 4 N l , / ~ l +  
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The physical reasons for including these 
terms into the eddy viscosity transport equation 
were as follows. 

First, the results of the simulations of the 
mixing layers performed on the basis of various 
turbulence models show the necessity of 
increasing the generation terms in the VI 

transport equation for a better correspondence 
between the predicted and measured eddy 
viscosities. Exactly for this reason the 
combination 'r;'2 NI was added (note that the 
eddy viscosity transport equation proposed in 
[2. 181 also contains a term with N l ) .  

Second, though there is no direct 
substantiation of the impact of the second- 
order velocity derivative l-2 on the VI generation, 
some circumstantial evidence of such an impact 
does exist. In a number of studies an interaction 
was observed between the shear flow stability. 
characterized by the amplification of small 
disturbances, and the turbulence. Under the 
favorable longitudinal pressure gradient the 
velocity profile in the boundary layer is more 
convex than that in a flat plate boundary layer, 
Le.. the value of r2 in the former case is higher 
than in the latter one. 

Since the more convex profile is known to 
be more stable, it gets clear that some term 
containing r2 should be introduced into the 
model equation, presumably with a small 
negative factor. 

Finally, the motivation for adding the terms 
#vd(aXlaXi) and N2 is the desire to describe 
more precisely the axisymmetric flows. It is well 
known [19] that they differ essentially from the 
plane ones by the large-scale vortical structure. 
In particular, in the plane jets the asymmetrical 
mode of the oscillations does prevail, while in 
the axisymmetric jets the first azimuthal mode is 
more significant. Thus it seemed to be 
important to find a dimensionless criterion to 
associate with the specific features of the 
axisymmetric flows. In the VI-92 model such a 
criterion, 0. is based on the measure of 
nonuniformity of the eddy viscosity field, Le.. 

@ V , ( A V , + N , ) / N ? .  As a rule, the vl profile 
in a plane shear flow is convex, therefore Avl is 
negative and 0 is close to zero. In the 
axisymmetric flows with similar distributions of 
the parameters, Q is proportional to -v,/(Nlr) 

and so it is negative. Besides, for both plane 
and axisymmetric cases this term provides for 
"straightening" of the eddy viscosity profile near 
the boundary of the turbulent fluid, i.e.. makes 
its distribution in that region close to linear one. 

The compressibility effects are described in 
the vl-92 model by means of the following two 
terms in the eddy viscosity transport equation 
(1): 

U 

2 2 . 2  - &v, r1 / a  
The first term, containing the divergence of 

the time (Reynolds) averaged velocity, is 
responsible for the turbulence generation due 
to the mean velocity divergence and for the 
work of the buoyancy forces [15, 171. It is 
designed in the form which provides for proper 
prediction of both the strong decrease of the 
eddy viscosity in the Prandtl-Mayer flow and the 
relatively slight change of that in the shock 
waves [20]. This term can also play some, 
though a minor, role in the subsonic flows with 
a heat release (the calculations of the subsonic 
combustion performed on the basis of the vr92 
model in 1211 has shown that the impact of this 
term for such flows does not exceed 10-2096). 

Reynolds-averaged velocity divergence in (13) 
the continuity equation and an appropriate 

approximation for the correlation (p'u;) should 
be used, which results in the following relation: 

In order to evaluate the value of the b' 

I \ 

div(fi)=divii+di ---.grad p )  (14) .i ,"Pr, 
The second term in (13) is responsible for 

the work of compression and hence can play a 
considerable role only in supersonic flows. 

As it was mentioned the effect of the wall 
roughness k, on the eddy viscosity is accounted 
for in the vl-92 model by the treatment of the 
distance to the wall d in the near-wall 
destruction terms in accordance with the 
relation (3) [16]. It is, in fact, nothing else than 
the conventional "shift" of the wall-normal 
coordinate used in the Prandtl mixing length 
theory for the boundary layer on a rough wall. 
Besides, for the case of rough surface the 
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viscosity profiles for the mixing layer are plotted 
in Fig. 2. 

Table 1. Comparison of vt-90 and vt-92 

mixing layer width defined as a distance between 0.1 U,, 
and 0.9 U,, 

let half-width defined by u(x,bo.s)=0.5 u(x,O) b .  

It is clearly seen that the new version of the 
model provides for a tangibly better 
correspondence between the computed results 
and the experimental data for the plane jet than 
the previous one (recall that the poor prediction 
of the plane jet characteristics was preciseiy 
one of the reasons that stimulated the attempts 
to improve the vt-90 model). Nevertheless, the 
discrepancy still remains rather significant. 

Boundary Layer on a Rough Solid Wall. It is 
quite obvious that the simple approach used in 
the vt-92 model in order to take into account 
the wall roughness can not claim to describe 
such subtle effects as the laminar/turbulent 
transition at a rough wall or the influence of the 
roughness type. Nevertheless, it turns out quite 
capable of predicting the wall roughness 
influence on the mean velocity profiles and wall 
friction at relatively high Reynolds number. This 
property of the model is illustrated by F ig3  

Compressible Boundary Layer and Mixing 
Layer. Some results of the compressible 
boundary layer calculations are shown in 
Figs.4.5. One can see that the vt-92 model 
predicts a rather slight effect of the Mach 
number on the boundaly layer velocity profile. 
At the same time the decrease of the skin 
friction coefficient with increasing Mach number 
is rather significant and, as it is shown in Fig.5. 
in a wide range of Mach number variation the 
predicted G values are virtually the same as the 

conventional wall boundary condition for the 
eddy viscosity (vt).,, = 0 is replaced by the 
following one: 

'd with the friction velocity v'being defined as 

v*= m. 
2.2.Some Previous Results of the vt-92 

Model Validation 

The capabilities of the vl-92 turbulence 
model outlined above have been evaluated on a 
wide set of benchmark problems including the 
following: boundary layer on both smooth and 
rough flat plate at Mach number ranging from 
zero (incompressible flow) to 10 and 
momentum thickness Reynolds number ranging 
from 100 to 20000; self-similar plane mixing 
layer formed by a uniform flow in still air at 
Mach number ranging from zero to 20; round 
and plane jets in still air; homogeneous shear 
flow; self-similar wakes of a sphere, cylinder, 
cigar shaped streamlined body and plane wing. 
This evaluation has shown that the vt-92 model 
is tangibly more universal (applicable to a wider 
range of flow conditions) than its previous 
version ~ ~ - 9 0 .  As a substantiation, some results 
are presented below, obtained for the boundary 
layers and jets on the basis of the vl-92 model. 

Boundary Layer on a Flat Plate. The velocity 
profiles for this flow calculated at different 
momentum thickness Reynolds numbers (Re,,) 
are presented in Fig.1. By the dashed line the 
following velocity profile [9] 

\.J 

u / v'=(1 / K)ln(y+)+C, y+ =yv' / v, 

K=0.41, C=5. (16) 

is depicted which is regarded as the best 
approximation of the experimental data. 

One can see that the correspondence 
between the predictions and the experimental 
data is fairly good for all the Re* values. 

Mixing Layer, Plane and Round Jet. The 
values of the main geometrical characteristics 
of these flows computed on the basis of both 
vt-90 and vt-92 models are presented in Table 
1. along with the data suggested as the best 
ones in [9]. Appropriate mean velocity and eddy 
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generalized experimental data used for the 
CllM-90/91, due to Van Driest. 

The results of the compressible mixing layer 
calculations are presented in Fig.6 together with 
the experimental data by different authors 
assembled by D. Papamoschou 1221, M, in this 
figure being the so called convective Mach 
number M, = (urnin + urn-) / (amin + ama). The 
calculations are performed using the turbulent 
Prandtl number Prt = 0.5. Considering the 
significant disparity of the experimental data 
one can conclude that the performance of the 
~ ~ - 9 2  model as applied to this flow is quite 
acceptable. 

3.Assessment of the Vt-92, S-A, and 
M-SST Models as Applied to the 
Backward/Forward-Facing Steps 

Turbulent Flows 

In this Section we present the results of the 
comparative numerical study performed in 

Case 1: 9.65 

Case 3.4 26.0 

Case 1: 7.7 

C a s e 3  6.0 

Case 4: 14.6 

No opposite wall 

Case 1: 5ooo 
Case 3 1 M W  

Case 4325500 

Case 1: 610 at x=-3.05H 

Case 3 1650 at x=-2.31H 

Case 4 3MM at x=-2.31H 

Case 1: 5; 10; 20 
Case 3 .4  7: 1 0  20 

order to evaluate the capability of the three 
turbulence models listed above to predict the 
backward- and forward-facing steps flowfields 
and to assess their advantages (disadvantages) 
over the conventional low Reynolds number k-E 
models. namely. the model proposed by Chien 4 
181 and known as one of the computationaliy 
most efficient low Re versions of the k-e model. 

3.1. Benchmark Backward/Forward- 
Facing Step Flow Description 

The schematics of three flowfields chosen 
in this study as the benchmark problems for the 
turbulence models testifying are presented in 
Table 2. The first, backward-facing step flow, 
was studied experimentally by Driver & 
Seegmiller [4] (D & S flow). It is the flow in a 
diverging channel in which the wall opposite the 
step side can be deflected at different angles to 
impose different pressure gradients on the 
freestream. The data obtained by Driver & 
Seegmiller have been used as a test case in a 

76.0 

10.0 

00 
47740 

nfa 

10: 2 0  20 

Table 2. Schematics and main Darameters of the benchmark flows 

itep height, H (mm) 

)pposite wall angle. a 

leynolds number. ReH 

leln at reference 

est section 

5 L, L, -. -. - 
Y' H '  H 

Driver & Seegmiller 141 
Flow 

12.7 

44.2 

5wo at x = -4.OH 

8: 4; 32 

Jovic & Driver [5.6] flow Moss & Baker [7l flow 



lot of numerical studies, including the CTTM, in 
order to estimate the capabilities of different 
models to predict a reattachment of the 
separated shear layers in the presence of an 
adverse pressure gradient. 

The second set of the experiments with the 
backward-facing step is that performed by 
Jovic & Driver [5. 61 (J 8 D flow). One of these 
flows (Case 1 in Table 2) was also studied 
numerically by Lee, Moin. and Kim [23] on the 
basis of the DNS technique. 

As one can see from the Table 2. the J & D 
flow differs from the D B S one not only by the 
geometry (it is a plane channel with a 
symmetric sudden expansion) but also by the 
wide range of the Reynolds number variation. 

As it was shown in [6] this parameter 
affects crucially the flow characteristics in the 
separation region. In particular, the maximum 
value of the negative shear stress in the J & D 
flow with Re = 5000 (Case 1) turns out to be 
about three times higher than that in the D & S 
experiments. Thus the comparison of the 
computed results with these two sets of the 
experimental data allows us, among other 
things, to evaluate whether the turbulence 
models being studied are able to predict such a 
sensitiiih, of the flow to the Reynolds number 
variation. 

As far as the fowrd-facing step flowfield is 
concerned, it has been studied experimentally 
in much less depth than the backward-facing 
one. The only experimental data being complete 
enough to perform the corresponding numerical 
simulation we managed to find in the literature 
are those by Moss 8 Baker [7l (M 8 B flow), 
see Table 2. 

The boundary conditions for the Navier- 
Stokes equations used in the present study for 
the numerical simulation of the flowfields 
described above are conventional ones. The 
only issue here is prescribing the appropriate 
inlet profiles of the flow parameters (u. v,, k and 
a. or k and E). In order to generate such 
profiles, first, the computations were performed 
of a flat plate boundary layer. Then the value of 
the momentum thickness Reynolds number Rem 
for the velocity profile, prescribed as the inflow 
boundary condition, was chosen in order to 
match the experimental data on Rem at the first 
test section, if the latter was known, or directly 

d 
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the corresponding velocity profile. Since the 
first experimental section, as a rule, is not 
located far enough upstream of the step, i.e., it 
falls in the region of its upstream influence, 
several iterations were usually performed in 
order to achieve a good match. 

3.2. Flow Solver Description 

For the numerical implementation of ail the 
considered turbulence models we have used a 
two-dimensional Navier-Stokes solver based on 
the so-called Compressibility Scaling Approach 
[24. 251. It presents one of the preconditioning 
methods eliminating the acoustic stiffness of 
the governing Navier-Stokes equations at low 
Mach numbers. Therefore this method can be 
used for an arbitrary Mach number flow 
including the incompressible flow limit (M = 0) 
without any degradation of the convergence to 
a steady-state typical for the conventional 
compressible Navier-Stokes algorithms. This 
property of the solver is crucial for the present 
work since all the flows being considered in this 
paper are virtually incompressible. 

The finite-difference scheme used in the 
code is an implicit second order scheme of 
approximate factorization. 

The convective terms in both the Navier- 
Stokes equations and the turbulence transport- 
equations are approximated by second order 
upwind dtfferences and the terms with the 
pressure gradient by the corresponding 
downwind differences. 

To prevent the oscillations associated with 
the switching of the scheme stencil at the 
points where the velocity of the flow changes its 
sign, the blended, central and 
upwind/downwind differences are used with the 
blend parameter being dependent upon the 
magnitude of the local velocity so that the 
central differences are introduced only in the 
vicinity of the points where the velocity is small. 
Finally, in order to prevent the odd-even 
pressure decoupling on the non-staggered grid 
system, artificial fourth order pressure 
dissipative terms are introduced into the 
continuity equation with the same blend 
parameter. 

At every time step the continuity and 
momentum equations are solved by the block 
tri-diagonal matrix inversion algorithm, while the 
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energy conservation equation and the transport 
equations for the turbulent variables (vt. k. E. o) 
are solved by the scalar tri-diagonal matrix 
inversions. 

The finite-difference grids used in this study 
were obtained by the following simple 
coordinate transformation 

Where 5 and q are the new, Computational 
coordinates and F and JJ are the normalized 
physical coordinates 

with xi,, and x,, being the coordinates of the 
computational domain inlet and outlet and yw 
being the coordinate of the opposite wall for the 
D & S and M 8 B flows or of the symmetry 
plane for the J 8 D flow. As an example, the 
function f2 used for the D & S flow simulation is 
plotted in Fig.7a. It is clearly seen that it 
provides grid clustering in the vicinity of the 
solid walls. For instance, for a grid with 120 
nodes in y-direction for the D 8 S flow a ratio of 
the maximum and minimum y-steps is 
approximately 250, while the maximum ratio 
between neighboring y-steps is 1.19. For the 
J&D flow and the same grid (120 nodes) the 
corresponding values are 13 and 1.14. 

In order to illustrate the coordinate 
transformation "smoothness" the second 
derivative d%./dy2 for the D 8 S flow is plotted 
in Fig.7b and its enlarged fragment in the 
vicinity of the step is shown In Fig.7~. 

In Fig.8 an example is presented of a 
142x120 grid used in the computations of the D 
& S flow. For this grid the maximum value of the 
turbulent coordinate y+=yv*/v at the first near- 
wall node at the step side wall is not more than 
1.6 and in the major part of the computational 
domain is varying In the range of 0.5-1.0. 

3.3.Preliminary Numerical Studies 

In order to make sure that the results 
obtained reflect the objective properties of the 
turbulence models being investigated, rather 
than numerical inaccuracies, some preliminary 
numerical studies were performed to eliminate 
the numerical errors associated with non- 

sufficiently fine grids and with uncertainties in 
the inflow/outflow boundary conditions. 

Grid Refinement Study. A grid refinement 
study was carried out for all the turbulence 
models and test cases being considered. This 
study has shown that these models a r e w  
relatively weakly sensitive to the grid-size. In 
particular, the comparison of the results 
obtained on the grids 40x40, 60x60, 90x90, 
120x120. 120x180, and 180x120 on the basis of 
the vt-92. S-A. and M-SST models for both D & 
S and J 8 D flows permits to conclude that the 
solutions obtained on a 120x120 grid can be 
treated as virtually grid-independent ones. An 
additional substantiation of high quality of this 
grid is that it provides resolution of two 
secondary "corner vortices" being clearly seen 
in Fig.9 where a typical velocity field is depicted 
for the D & S flow with zero opposite-wall angle. 

One specific computational property of the 
M-SST model was found out in the process of 
the grid refinement study. It turned out that the 
eddy viscosity profiles generated by this model 
in the region located downstream of 
reattachment had non-physical spikes (see 
Fig.10). To elucidate a mechanism responsible 
for these spikes formation special numerical 
experiments were carried out whose results are 
presented in Figs.11. 12. 

In Fig.11 two functions, ala and nF2. are 
plotted. that define the eddy viscosity vt in the 
framework of the M-SST model in accordance 
with the relation 

v,=a,klmax(a,o, RF,) (19) 

One can see that switching from the first 
branch of vt to its second, "wake", branch 
occurs at y = 0.7H and reverse switching takes 
place at y = 1.5H. So the vl-spike is located in 
the wake region, and if one were to forbid the 
switching from one branch to another the vt 
profile should presumably become smooth. It is 
confirmed by Fig.12 where the profiles of vt 
computed with permitted and forbidden 
switching are depicted. Besides. if the switching 
is forbidden the profiles of f2F2 become virtually 
smooth as well. Since the function F2 is smooth 
and close to unity in the region of the spikes, 
this fact means that the vorticity f2 profile is 
also practically smooth. Thus one can conclude 
that the spikes generated by the M-SST model 
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in both vt and f2 profiles are caused by a 
nonlinear interaction between the eddy viscosity 
vt and the vorticity f2 when the former is 
determined through the latter in accordance 
with (19). 

There is one more issue attention should be 
paid to when analyzing the nature of the spikes. 
They are located in the region of maximum grid 
clustering, where a slight non-smoothness of 
the grid transformation second derivative is 
observed (see Fig.7b). Thus the results 
obtained demonstrate for the M-SST model a 
lack of tolerance even of slight grid non- 
smoothness in the regions of its maximum 
clustering, if those regions are far from the wall. 

As it was mentioned, along with the 
calculations on the basis of the S, S-A. and M- 
SST models, similar calculations were 
performed using the Chien low Re number k-E 
model IS]. It is well known now that due to the 
so called non-locality of the models of such a 
type (associated with the dependence of the 
local flow properties on the corresponding wall 
friction value) they can not describe adequately 
the flow in the vicinity of separation and 
reattachment where the wall friction is close to 
zero. Our calculations of the backward-facing 
step flow on the basis of the Chien model have 
shown that this is completely true for this model 
as well: the use of its original version results in 
an unacceptably strong damping of the 
turbulence across the whole computational 
domain in the vicinity of the flow x-stations 
where the skin friction is equal to zero, namely 
near x=O and X=X,*~~. In order to cope with this 
issue we were forced to limit artificially the value 
of the friction coefficient G in the damping 
functions of the model, i.e., to replace the 
friction velocity v* = pW/p)’I2 = 
( ~ o U O ~ ( G / ~ ) / ~ ) ’ / ~  by the following quantity: 

with (?,.==max{c,.,E} , 

where E is some small constant. In our 
calculations we used €=lo4, but special 
experiments have shown that the results are 
virtually independent of the E value at least in 
the range from 5.10.5 to 2.104. 

Though this approach has no physical 
justification, it permits to get rid of the Chien 
model defect described above and to obtain 
quite reasonable resuits. Probably the same or 
quite similar tricks are used in all the 
simulations of the flows with separation and 
reattachment on the basis of the low Reynolds 
numbers k-E models (see. for example [26]). 
but unfortunately not all the authors mention it. 
So all the calculations on the basis of the Chien 
model discussed bellow were actually obtained 
using its modification provided by (20). 

As to the grid sensitivity of the Chien model 
it turns out that from the standpoint of the near 
wall value of the y’ coordinate it needs 
approximately the same y-grid as all the other 
models considered in this work. However the 
values of the friction velocity predicted by the 
Chien model in the backward-facing step 
recirculation zone are significantly higher than 
those obtained on the basis of the other models 
(see below) which results in more severe 
demands on the grid. So for the Chien model a 
somewhat finer grid, 142x160, was used. 

Finally, the grid refinement study for the M 
& B flow has shown that in this case virtually 
grid-independent solution can be obtained on a 
grid 170x140. 

In order to estimate the effect produced by 
some uncertainty of the inflow boundary 
conditions and both, inflow and outflow, 
boundary positions some special simulations 
were performed with different inflow profiles 
and with computational domains of different 
size in the streamwise direction. 

The results obtained show, in particular, 
that even the tangible discrepancy in the inlet 
eddy viscosity profiles generated by different 
turbulence models and by the DNS [27] does 
not affect noticeably the results of the 
simulation (see Fig.13). 

As to the location of the inlet/outlet 
boundaries, it might be more important. 
especially for the evaluation of the pressure 
field as is clearly seen from Figs.14. 15. 
Therefore, one should keep in mind this 
vagueness in the inflow and outflow conditions 
while comparing the numerical and 
experimental data, especially for the M & B FFS 
flow, though our experiments have shown that 
varying the inlet/outlet positions in a certain 
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reasonable range does not noticeably affect the 
flow quantities (other than the pressure). 

3.4.Comparison of the results obtained 
using different turbulence models 

Driver & Seegmiller Backward Facing Step 
Flow. In Fig.16 we compare the pressure field in 
the D & S flow, computed on the basis of the 
three turbulence models being examined. 
Attention should be paid to the fact that though 
the vt-92 and S-A models do not contain the 
so-called turbulent pressure t e n  in the 
constitutive relation for the Reynolds stresses (it 
is impossible to account for this term 
straightforwardly in the framework of the vt- 
transport models) and the M-SST model does 
contain this t e n ,  the pressure fields generated 
by all three models are very close provided, of 
course, that the pressure p generated by the S- 
A and vt-92 models is compared with the full M- 
SST pressure p+2/3pk. Exactly the same 
results were obtained for all the other flows that 
have been studied in this work. So at least this 
restriction of the one-equation turbulence 
models does not play any significant role for the 
flows under consideration and, probably, for 
any other incompressible flows. 

Figures 17-21 give an idea about the 
correspondence between the predictions 
obtained by the different models and the 
experimental data on the D & S flow. 

As far as the velocity profiles are 
concerned, all the three models predict them 
quite satisfactorily (see Fig.17) though no model 
turns out to be able to describe accurately all 
the details of the velocity field. The M-SST 
model performs tangibly better in the 
recirculation zone while the vt-92 and S-A 
models are somewhat better in the region 
downstream reattachment. However the two 
latter models also underestimate the rate of the 
flow recovery. which is typical for all known 
turbulence models. 

Exactly the same conclusion can be drawn 
with regard to the other flow quantities, for 
instance, for the shear-stress profiles depicted 
in Fig.18 and for the friction and pressure 
coefficient distributions presented in Figs.19. 
20. To show more visually the capability of 
different models to predict the influence of the 
opposite wall angle a on the D 8 S flow 
characteristics, in Fig.21 the reattachment 

length and minimum value of the friction 
coefficient in the recirculation zone are plotted 
as functions of a. 

An apparent conclusion from these figures 
is that the Chien k-s model predicts skin friction 
significantly worse than any of the other three L/ 
models we are dealing with, even though the 
results obtained on the basis of this model in 
our study are somewhat better than those 
published in the literature (it is probably due to 
finer grids used in the present work). This result 
is not very surprising, since the inability of the 
k s  models to describe the flows with a strong 
adverse pressure gradient is commonly known 
now. 

As to the vt-92, S-A, and M-SST models, 
from the standpoint of the wall angle 
dependence of the reattachment length, they 
are virtually equivalent, while the minimum 
friction is predicted somewhat better by the M- 
SST model for all the wall angle values. 

The discrepancy between the results 
produced by different turbulence models is 
caused apparently by the difference in the eddy 
viscosity these models generate. The scale and 
character of this difference are clearly seen 
from Fig.22. The most significant difference is 
observed in the recirculation zone where the S- 
A model apparently overestimates the level of 
turbulence. In the region downstream the 
reattachment (x/H >6) the M-SST eddy 
viscosity is somewhat lower than those given by 
S-A and vt-92. As to the Chien model, just as 
one could expect, it generates too high an eddy 
viscosity in both separation and flow recovery 
zones. 

Jovic & Driver Backward-Facing Step Flow. 
Fig.23 shows the eddy viscosity profiles, 
generated by the different models for the J & D 
flow with the Reynolds number 5000, and 
Figs.24, 25 illustrate the correspondence 
between the predicted and experimental 
profiles of the mean velocity and shear- 
stresses. Finally, in Fig.26 the longitudinal 
friction and pressure coefficient distributions 
are presented for the J & D flow with Reynolds 
number 5000. 

The main conclusion from Figs.23-26 is that 
all the three models being studied react 
adequately to the Reynolds number drop and, 
in particular, are able to predict the sharp 
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increase of the maximum value of the friction 
coefficient in the recirculation zone that was 
observed in the experiments [6]. This trend is 
seen more clearly from Fig.27 where the 
numerical and experimental data on the 
minimum G are plotted as a function of the 
Reynolds number. Again, it is difficult to give a 
preference to any of vl-92. S-A or M-SST 
models but their superiority over the Chien 
model, especially at high Re numbers, is 
undoubtful. 

Moss & Baker Fonvard-Facing Step Now. In 
Fig.28 a comparison is presented of the general 
views of the flow pattern in the vicinity of the 
step observed in the experiment and predicted 
by the vl-92. S-A, and M-SST turbulence 
models. When analyzing these results one 
should take into account that the experimental 
stream function contours were obtained not 
directly (by the flow visualization) but by 
integrating the measured velocity field, and so 
can not claim to be very accurate especially 
near reattachment. Nevertheless, it can be 
concluded that for this flow the S-A model gives 
somewhat better results than the two others: 
the M-SST model apparently underestimates 
the length of the second separation zone, while 
the vl-92 model, on the contrary. predicts flow 
reattachment too far. 

Fig.29 gives a more detailed idea about the 
quality of the velocity field prediction provided 
by different models. 

Upstream of the first recirculation zone (x/H 
< -1) all the three models give virtually the 
same u-velocity profiles being in good 
correspondence with the experimental data. 

In the vicinity of the step the discrepancy 
between the results obtained by the different 
models still remains virtually negligible, but 
exactly in this region, that is in the region of the 
strong flow acceleration, the most significant 
disagreement between the numerical and 
experimental data is observed. 

Downstream of the step the difference 
between the models gets more tangible. Just as 
in the case of the backward-facing step flow it 
is difficult to give a definite preference to any of 
the models here since no model can equally 
accurately capture the details of the velocity 
field in the all experimental sections 
downstream the step. However it can be 

t/ 

concluded that "in average" the S-A model has 
some advantage over the two others in this part 
of the flow. 

The fact that the models react quite 
differently to the fast variation of the flow 
characteristics right upstream and downstream 
the step is clearly seen from Fig.30 where the 
eddy viscosity profiles are presented. In 
particular, the vt-92 and S-A eddy viscosities 
upstream the step start to change abruptly (to 
react to the step) a great deal later than the M- 
SST eddy viscosity. AS a result of this "delay" 
the maximum value of the M-SST eddy viscosity 
at x = 0 is approximately three times as high as 
the corresponding vl-92 and S-A values. 

As to the pressure coefficient prediction, all 
the three models give almost the same results 
being close to the experiment except for the 
close vicinity of the step (Fig.31). 

Unfortunately the paper by Moss & Baker 
does not contain any data on the experimental 
shear stress profiles and wall friction 
distribution. Due to that lack of the data it is 
difficult to say for now which model from the 
three being examined performs better as 
applied to the foward-facing step flow. 
However, just as for the backward-facing step 
flow, all the three models turn out to be much 
more realistic than the &-E model. As a 
substantiation, in Figs.31. 32 a comparison is 
presented of the results obtained in the present 
work with those obtained for the same flow by 
Park & Chung [28] on the basis of a special 
modification of the k-E model taking into 
account the streamline curvature. 

3.5.Computational efficiency of 
different turbulence models 

One of the objectives of the present study 
was to compare the computational efficiency of 
the vl-92. S-A. and M-SST models as applied to 
the flows we considered, in the framework of 
the same numerical algorithm. Fig.33.a-c, show 
the typical convergence histories of the flow 
solver for the J & D flowfield obtained on the 
grid 60x120 with all the three models. For all the 
cases the same value of the Courant number, 
CFL = 4.0. was used coupled with a space- 
varying time-stepping strategy permitting to 
accelerate the convergence on nonuniform 
grids. The solutions are considered converged 
when the maximum nondimensional residual has 
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become less than 5.106, which corresponds to 
a drop of the residual for all the variables by 
over 4 orders of magnitude. For the S-A model 
this criterion was satisfied in 540. for the vl-92 
model in 660. and for the M-SST model in 1360 
iterations. Thus from the standpoint of the 
convergence rate, in the framework of the 
approximate factorization technique being used 
in the present work, the S-A model turned out 
to be the fastest and the M-SST model the 
slowest one. Since the former is a one-equation 
model and the latter is a two-equation one, the 
difference of the CPU time for these models is 
somewhat (*lo%) higher than that in the 
number of iterations. 

One specific effect should be mentioned 
concerning the convergence rate of the vt-92 
model. It was found out that it degraded 
significantly when relatively coarse y-grids were 
used. This effect is demonstrated by Fig.33.d 
where the convergence history for the vl-92 
model is depicted for the J & D (Case 1) flow 
for the grid with 60 nodes in the y direction. 
One can see that it suffers from long-period 
oscillations of the maximum residual values. The 
analysis of the results shows that the 
oscillations are caused by the VI-residual jumps 
in the first near-wall node at some x-coordinate 
downstream of reattachment. In the process of 
convergence to a steady-state the "jump" node 
moves downstream, the period of the 
oscillations being associated exactly with 
changing of its x-coordinate. Once the 
oscillations stop (it occurs when the x- 
coordinate of the "jump" reaches the outlet 
boundary of the computational domain), the 
residuals start dropping monotonically with the 
rate typical for a finer grid. 

Though the mechanism of these oscillations 
is not quite clear for now, some elucidation can 
be found in Fig.34 where a comparison is 
presented of the results obtained on the basis 
of the vt-92 model for a flat plate boundary 
layer on the different y-grids. If the grid is not 
fine enough the solution has a sharp jump 
moving upstream with grid refinement. At the 
same time the turbulent coordinate of the first 
near wall node in the section of the boundary 
layer, where the jumps take place, keeps an 
approximately constant value, y' = 3.2. The 
analysis of the separate terms of the v1-92 
transport equation shows that in the vicinity of 

the jumps the budget of the source and 
dissipative terms at the edge of the viscous 
sublayer experiences a crucial changing 
resulting in the fast rebuilding of the near-wall 
part of the velocity profiles and skin friction 
jumps observed here. 

Thus it can be supposed that the long- 
period oscillations in the Navler-Stokes 
convergence to a steady-state shown in 
Fig.33.d might be caused by a similar effect, 
Le.. by periodical changing of the flow stnrcture 
due to changing of the near-wall y+ values in 
the process of convergence. 

W 

Concluding Remarks 

A comparative study is performed of three 
recently developed turbulence models, two 
being one equation, v,-models, and one the two 
equation, k-o model, as applied to the 
backward- and forward-facing step flows. It 
turns out that though no model does capture all 
the details of the flows under consideration both 
in the recirculation zones and in the region of 
the flow recovery, all the three models perform 
significantly better than the conventional k-e 
model and its modifications, even those ones 
developed exactly for the flows under 
consideration. In particular, they provide for 
much better prediction of the reattachment 
length and skin friction in a wide range of 
opposite wall angles and Reynolds number. 

It is difficult to give the definite preference 
to any of three examined models for all the flow 
quantities in all the cases considered. However 
it looks like for the backward-facing step the 
Menter SST model performs tangibly better 
than two others inside the recirculation region, 
while the vt-92 seems to be somewhat more 
realistic in the region downstream 
reattachment. On the contrary, as applied to 
the forward-facing step flow the Spalart- 
Allmaras model "in average" performs 
noticeably better than the vt-92 and somewhat 
Menter SST ones. 

From the computational standpoint the 
Spalart-Allmaras model is the most efficient and 
the Menter SST model is the most slow 
converging and time consuming, at least in the 
framework of the approximate factorization 
technique being used in the present work. 
Besides, the Menter SST model turns out non- 
tolerant of even slight non-smoothness of grid 

L.l 
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in the region of its maximum clustering, and 
convergence rate of the vt-92 model drops 
significantly when relatively coarse grids are 
used. 
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Figure 1. Velocity profiles for a 
flat plate boundary layer 

Figure 3. Skin friction distribution 
on a smooth and rough surface 
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Figure 4. Mach number effect on velocity 
profiles for a flat plate boundary layer 
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Figure 7. Y-coordinate transformation for the D&S flow. 
(a): y(q): (b): d%/dq'; (c): enlarged fragment of Fig.7-b in the vicinity of step 

Figure 8.An example of grid used for the D&S flow 
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Figure 9. Velocity vector field for the D&S flow with zero opposite wall angle. 
(a): fragment of the flow in the vicinity of step; (b): enlarged fragment of Fig.9-a; 

(c) :  enlarged fragment of Fig.9-b 
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Figure 10. M-SST eddy viscosity profiles on different grids for the D&S (a=Oo) flow. 
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Figure 12. M-SST eddy viscosity profiles with and without switching from alo to nF2 branch 
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Figure 14. Effect of the inflow boundary location on the D&S (cx=O") flowfield. 
(a),(b): pressure field (a: xinlet=-4H, b: xlnlet=-16H); 

18 
American Institute of Aeronautics and Astronautics 



D&S. O", 
S-A model 

D&S. 0". 
S-A model 

0 

Xjn, = - 1  6 i i  
-0.004 , , 

- 1 6 ' - a '  b ' ' I  16 I '  24 I '  32  
X/H $H 

Figure 14 (continued). (c),(d): pressure and skin friction distributions for the step-side wall 
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Figure 15. Effect of inflow and outflow boundaries location on the pressure field (a.b), 
cp distribution along the step-side wall (c), and velocity profile upstream the step (d) 

for the M 8 B  forward-facing step flowfield (computations on the basis of the vt-92 model). 
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Figure 16. Comparison of pressure fields for the D&S (a=6') flow 
obtained on the basis of the three turbulence models 
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Figure 17. Velocity profiles for the D&S (cr=Oo) flow 
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Figure 18. Shear stress profiles for the D&S (a=Oo) flow 
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Figure 22. Eddy viscosity profiles for the D8S (a=Oo) flow 
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Figure 23. Eddy viscosity profiles for the J&D. case 1 ,  flow 
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Figure 24. Velocity profiles for the J&D. case 1, flow 
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Figure 25. Shear stress profiles for the J&D. case 1 ,  flow 
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Figure 26. Skin friction and wall pressure distribution 
for the J&D, case 1. flow 
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Figure 27. Effect of Reynolds number ReH on minimum skin friction value in the recirculation zone 
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Figure 32. Comparison of velocity profiles for the M & 8  flow predicted by the vt-92 
and by the k-6 model [28] 
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Ftgure 34. Effect of Y-grid coarsening on the flat plate skin friction 
predicted by the vl-92 model 
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